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Abstract
We give a mathematical structure on an arithmetic surface X, that
has algebraic meanings over finite places and can estimate the canoni-
cal norm for a relative differential form on X over infinite places. This
gives a lower bound for the canonical norm of a relative differential
form on X, which proves a Height Inequality on arithmetic surfaces,
that implies abc conjecture.
1 Introduction
Let R be the ring of integers of a number field F , and Y = SpecR. Let X
be a stable family of curves of genus g > 1 over Y . Let
dY =
1
[F : Q]
logDF/Q (1)
where DF/Q is the absolute value of the discriminant of the number field F .
Let ωX/Y be the canonical dualizing sheaf [L1] endowed with the canonical
Hermitian metric. For a Weil divisor D on X , let OX(D) be the canonical
line bundle associated with D endowed with the canonical Hermitian metric
[L1] on X . Let ωX/Y ·D be the product of the first arithmetic Chern classes
of ωX/Y and OX(D).
We will prove the following Theorem:
1
Theorem 1.1 Let EP be a curve on X that is rational over Y . Then we
have
ωX/Y · EP ≤ [F : Q] · dY +O(1) (2)
where the constant implicit in O(1) is determined by XC.
This Theorem implies abc conjecture and a number of other diophantine
conjectures [V1][V2].
Since our proof works for number field case, and does not work for function
field case, so we first state a difference between number fields and function
fields. Then we use this difference to construct a mathematical structure
on X , that has algebraic meanings over finite places and can estimate the
canonical norm of a relative differential form on X over infinite places.
The difference happens over projective lines. Let V be a two dimensional
vector space over C endowed with a Hermitian metric. Let P1C be the complex
projective line associated with V . Let OP1
C
(1) be the canonical line bundle of
degree 1 over P1C. Let h be the canonical Hermitian metric on OP1
C
(1) induced
from the Hermitian metric on V . Let {x1, · · · , xn} be a set of different points
on P1C, where n > 2. Then for all 1 ≤ i ≤ n, there exists an element wxi ∈ V ,
such that
|wxi(xi)|h = 1 (3)
and
|wxi(xj)|h < 1 (4)
for all j 6= i satisfying 1 ≤ j ≤ n. Note this fact is not true over function
fields of characteristic p > 0.
Now we use the fact above to construct the mathematical structure men-
tioned above. Let m > 0 be a positive integer. Let V ⊗m be the vector space
generated by w1 ⊗ · · · ⊗ wm for all wi ∈ V . Let S
m(V ) be the submodule of
V ⊗m that is invariant under the action of the symmetric group on m sym-
bols, i.e. invariant under all the permutations of {w1, · · · , wm}. Let Mm be
the m+ 1 dimensional vector space generated by all the sections of OP1
C
(m)
over P1C. Let’s consider the homomorphism V
⊗2m −→ Mm ⊗ Mm defined
by mapping w1 ⊗ · · · ⊗ w2m to
∏m
i=1wi ⊗
∏2m
i=m+1wi, where wi ∈ V for all
1 ≤ i ≤ 2m. By restricting the map above to the submodule S2m(V ) of
V ⊗2m, we have the following map
S2m(V ) −→Mm ⊗Mm (5)
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Since the natural map S2m(V ) −→ M2m is an isomorphism, so (5) determines
the following homomorphism
f5 : M2m −→Mm ⊗Mm (6)
Let {v0, v1} be a set of basis of V over C. Let {̺i : i ∈ I} be a set of
n > 2 distinct complex numbers, such that |̺i| = 1 for all i ∈ I. For i ∈ I,
let xi be a point on P
1
C, such that
v1
v0
(xi) = ̺i +O(ε) (7)
where ε > 0 is small enough. Let z be an analytic function on an open set U
containing {xi : i ∈ I} on P
1
C, such that z(xi) = 0 for all i ∈ I, and dz(x) 6= 0
for all x ∈ U satisfying |z(x)| < r0, where r0 is a positive number. Let U(r)
be the open set in U determined by |z(x)| < r, where x ∈ U and r ∈ (0, r0].
Let ϕ2 be the map from U(r0) to the complex plane defined by z. Assume
ϕ2 is a finite morphism of degree n over |z| < r0.
Let {uj, ej : j ∈ I1} be a set of analytic functions on U , such that∑
j∈I1
uj · ej = 0 (8)
Let
ω =
∑
j∈I1
uj · dej (9)
By the definition of f5, we have
f5 (v
m
0 v
m
1 ) =
m∑
l=0
bm,l · v
m−l
0 v
l
1 ⊗ v
l
0v
m−l
1 (10)
where bm,l ∈ Q. For x ∈ U(r0), assume
ω = βx · dz (11)
at point x, where βx ∈ C. Let G be the function on U(r0) defined by the
following:
G =
∑
j∈I1
m∑
l=0
bm,l ·
vl1
vl0
· uj ·
∂
∂z
Traceϕ2
(
vm−l1
vm−l0
· ej
)
(12)
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Then there exists r ∈ (0, r0) and ρ ∈ (0, 1), such that∣∣∣∣G(x)− βx · vm1vm0 (x)
∣∣∣∣ < ∣∣∣∣vm1vm0 (x)
∣∣∣∣ · ρm (13)
when m is large enough. So G can estimate the norm of ω on U(r). Note
this fact is implied by the existence of wxi discussed in the paragraph (3)-(4).
Next we study the algebraic meaning of G over finite places over X .
Let η be the canonical section of the line bundle OX(EP ) vanishing along
EP on X . Let ξ1 be a section of OX(n1EP ) on X , where n1 is a positive
integer, such that
d
ξ1
ηn1
(x) 6= 0 (14)
for all the points x ∈ XC satisfying∣∣∣∣ ξ1ηn1 (x)
∣∣∣∣ < r0 · ‖ξ1‖ (15)
where r0 > 0 is a constant determined by n1, XC, and ‖ξ1‖ denotes the
canonical norm of ξ1. Let {xi} be the set of points on XC, where ξ1 = 0. Let
ξ2 be a section of OX(n2EP ) on X , where n2 is a positive integer, such that
ξ2
ηn2
(xi) = κ1 · (̺i +O(ε)) · ‖ξ2‖ (16)
for all xi, where ε is sufficiently small, κ1 is a positive number, and ̺i ∈ C
satisfying |̺i| = 1 and ̺i 6= ̺j for i 6= j.
Let ω be a relative differential on X , such that there exists sections uj of
OX(m2EP ) on X and sections ej of OX(m3EP ) on X satisfying∑
j
uj · ej = 0 (17)
ω =
∑
j
uj
ηm2
· d
ej
ηm3
(18)
on X . In (12), by replacing v1
v0
with ξ2
κ1·‖ξ2‖·ηn2
, replacing z with ξ1
‖ξ1‖·ηn1
,
and replacing uj, ej with
uj
ηm2
,
ej
ηm3
respective, we can find a section G1 of
OX(n5EP ) on X such that
G1
ηn5
(x) = κ2 ·G(x) (19)
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for all x ∈ XC satisfying (15), where κ2 is an element in R.
Let D1 be the divisor determined by ξ1 = 0 on X . Let D3 be the divisor
determined by G1 = 0 as a section of OX(n5EP ) on X . Assume D1 is
a horizontal divisor that does not intersect with EP on X , and D3 is a
horizontal divisor on X . Let C2 be the intersection cycle of D1 and D3 on
X . Let C3 be the intersection cycle of EP and D3 on X . By considering the
restriction of ξ1
ηn1
to D3, we see degC2 is determined by degC3, n1, n5 and the
value of ξ1
ηn1
at points x ∈ XC where G1(x) = 0. Since D1 does not intersect
with EP , so
degC2 =
∑
i
log
∣∣∣∣G1ηn5 (xi)
∣∣∣∣ (20)
where the sum is taken over all the points xi ∈ XC satisfying ξ1(xi) = 0. So
the lower bounds on degC3 and
∣∣∣ ξ1ηn1 (x)∣∣∣, where x ∈ XC satisfying G1(x) = 0,
will give a lower bound on
∑
i log
∣∣∣ G1ηn5 (xi)∣∣∣. And this will give a lower bound
on the canonical norm of ω on XC.
To give a proof of Theorem 1.1, we assume Theorem 1.1 is not true.
From this assumption we will construct ξ1, ξ2 with similar properties dis-
cussed above and more technical properties stated in Lemma 2.6, such that
degC3, κ2 and
ξ1
ηn1
(x), where G1(x) = 0, can be calculated. From these cal-
culations, we will get a lower bound for the canonical norm of ω on XC. And
this will lead to a contradiction.
2 The Proof of Theorem 1.1
Firstly we want to prove function G constructed in the introduction has the
property (13).
Lemma 2.1 Let V, v0, v1,P
1
C,Mm, f5, bm,l be the elements defined in the in-
troduction. Let {̺i : i ∈ I} be a set of distinct complex numbers satisfying
|̺i| = 1 for all i ∈ I. Let xi ∈ P
1
C be the closed point determined by
v1
v0
(xi) = ̺i (21)
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For r > 0, let Uxi(r) ⊂ P
1
C be the open set determined by∣∣∣∣v1v0 − ̺i
∣∣∣∣ < r (22)
Let m be a positive integer. For x ∈ P1C, where v0(x) 6= 0, let f4,x (v
m
0 v
m
1 ) be
the rational function on P1C defined by the following:
f4,x (v
m
0 v
m
1 ) =
m∑
l=0
bm,l ·
vl1
vl0
(x) ·
vm−l1
vm−l0
(23)
Then there exists r1, ρ2 ∈ (0, 1) that satisfies the following:
(i) For all i, j ∈ I satisfying i 6= j, and for all x ∈ Uxi(r1) and x
′ ∈ Uxj (r1),
we have
|f4,x (v
m
0 v
m
1 ) (x
′)| < ρm2 ·
∣∣∣∣vm1vm0 (x)
∣∣∣∣ (24)
for all m > 0.
(ii) For all i ∈ I and x ∈ Uxi(r1) and for all m > 0, we have
f4,x (v
m
0 v
m
1 ) (x
′) =
vm1
vm0
(x) +
(
v1
v0
(x′)−
v1
v0
(x)
)
· u(x′) (25)
for all x′ ∈ Uxi(r1), where u is an analytic function on Uxi(r1).
Proof. Let x ∈ P1C be a closed point. Assume
v1
v0
(x) = ̺ (26)
where ̺ ∈ C. Let vx,1 and vx,0 be the elements in V , such that
vx,1 =
1(
1 + |̺|2
) 1
2
· (v1 − ̺ · v0) (27)
vx,0 =
1(
1 + |̺|2
) 1
2
· (̺ · v1 + v0) (28)
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on P1C. By (27) (28), we have
v0 =
1(
1 + |̺|2
) 1
2
· (vx,0 − ̺ · vx,1) (29)
v1 =
1(
1 + |̺|2
) 1
2
· (̺ · vx,0 + vx,1) (30)
Note ∣∣∣∣vx,0v0
∣∣∣∣2 + ∣∣∣∣vx,1v0
∣∣∣∣2 = ∣∣∣∣v1v0
∣∣∣∣2 + 1 (31)
on P1C. So for l = 0, 1 and x
′ ∈ Uxj(r1), we have∣∣∣∣vx,lv0 (x′)
∣∣∣∣ ≤
(
1 +
∣∣∣∣v1v0 (x′)
∣∣∣∣2
) 1
2
(32)
Note for 0 ≤ l ≤ m, we have
f5
(
(2m)!
(2m− l)! · l!
· v2m−lx,0 v
l
x,1
)
=
l∑
l1=0
m!
(m− l1)! · l1!
·
m!
(m− l + l1)! · (l − l1)!
·
vm−l+l1x,0 v
l−l1
x,1
vm0
⊗
vm−l1x,0 v
l1
x,1
vm0
(33)
And for m < l ≤ 2m, we have
f5
(
(2m)!
(2m− l)! · l!
· v2m−lx,0 v
l
x,1
)
=
2m∑
l1=l
m!
(2m− l1)! · (l1 −m)!
·
m!
(l1 − l)! · (m+ l − l1)!
·
v2m−l1x,0 v
l1−m
x,1
vm0
⊗
vl1−lx,0 v
m+l−l1
x,1
vm0
(34)
Let f4,x be the linear map from M2m to the vector space of rational
functions on P1C defined by f5 followed by the map fromMm⊗Mm to rational
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functions on P1C that maps t1 ⊗ t2 to
t1
vm
0
(x) · t2
vm
0
. Since vx,1(x) = 0 and
vx,0
v0
(x) = (1 + |̺|2)
1
2 , so by (33) (34), we have
f4,x
(
v2m−lx,0 v
l
x,1
)
=
(2m− l)! · l!
(2m)!
·
(
1 + |̺|2
)m
2 ·
m!
(m− l)! · l!
·
vm−lx,0 v
l
x,1
vm0
(35)
when 0 ≤ l ≤ m, and f4,x
(
v2m−lx,0 v
l
x,1
)
is equal to 0 when l > m. Note
(2m− l)! · l!
(2m)!
·
m!
(m− l)! · l!
≤ 2−l (36)
for 0 ≤ l ≤ m, and
(2m− l)! · l!
(2m)!
·
m!
(m− l)! · l!
≤ 2−
m
2 · 3−l+
m
2 =
3
m
2
2
m
2
· 3−l (37)
for
[
m
2
]
+ 1 ≤ l ≤ m.
Let r1 be a positive number. Assume x is a point in Uxi(r1). Then we
have
vm0 v
m
1 =
(
1 + |̺|2
)−m
· (vx,0 − ̺ · vx,1)
m · (̺ · vx,0 + vx,1)
m
=
(
1 + |̺|2
)−m
·
(
̺ · v2x,0 +
(
1− |̺|2
)
· vx,0vx,1 − ̺ · v
2
x,1
)m
(38)
Let
λ1 =
∣∣∣∣vx,1vx,0
∣∣∣∣ (39)
Consider the subset determined by λ1 ≤ 2 over Uxj(r1), where j 6= i. By (35)
(36), we have
∣∣f4,x(v2m−lx,0 vlx,1)∣∣ ≤ 2−l · (1 + |̺|2)m2 ·
∣∣∣∣∣vm−lx,0 vlx,1vm0
∣∣∣∣∣
≤ 2−l ·
(
1 + |̺|2
)m
2 ·
∣∣∣∣vmx,0vm0
∣∣∣∣ · λl1 (40)
By (31), we have ∣∣∣∣vx,0v0
∣∣∣∣2 · (1 + λ21) = ∣∣∣∣v1v0
∣∣∣∣2 + 1 (41)
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By λ1 ≤ 2, we have (
1 +
λ21
4
)2
< 1 + λ21 (42)
By j 6= i, we have λ1 > 0. So when r1 > 0 is small enough, we have∣∣∣∣vmx,0vm0
∣∣∣∣ ·
(
|̺| +
∣∣1− |̺|2∣∣ · λ1
2
+
|̺| · λ21
4
)m
< |̺|m ·
(
1 + λ21
)m
2 ·
∣∣∣∣vmx,0vm0
∣∣∣∣ · ρm1
= |̺|m ·
(∣∣∣∣v1v0
∣∣∣∣2 + 1
)m
2
· ρm1 (43)
where ρ1 ∈ (0, 1). So when we take r1 small enough, such that(
1 + (1− r1)
2
)−1
·
(
1 + (1 + r1)
2
)
· ρ21 < 1 (44)
by (38) (40) (43) (44), we have
|f4,x(v
m
0 v
m
1 )| ≤
(
1 + |̺|2
)−m
2 ·
∣∣∣∣vmx,0vm0
∣∣∣∣
·
(
|̺|+
∣∣1− |̺|2∣∣ · λ1
2
+
|̺| · λ21
4
)m
<
(
1 + |̺|2
)−m
2 · |̺|m ·
(∣∣∣∣v1v0
∣∣∣∣2 + 1
)m
2
· ρm1
< ρm2 · |̺|
m (45)
over Uxj(r1), where j 6= i and ρ2 ∈ (0, 1).
Now consider the subset determined by λ1 ≥ 2 over Uxj (r1), where j 6= i.
By (31), we have ∣∣∣∣vx,1v0
∣∣∣∣2 · (1 + λ−21 ) = 1 + ∣∣∣∣v1v0
∣∣∣∣2 (46)
So we have ∣∣∣∣vx,1v0
∣∣∣∣2 ≥ 45 ·
(
1 +
∣∣∣∣v1v0
∣∣∣∣2
)
(47)
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Therefore over Uxj (r1), by (31), we have∣∣∣∣vx,0v0
∣∣∣∣2 ≤ 15 ·
(
1 +
∣∣∣∣v1v0
∣∣∣∣2
)
<
1
5
·
(
1 + (1 + r1)
2
)
(48)
Assume
vm0 v
m
1 =
2m∑
i=0
bm,i,x · v
2m−i
x,0 v
i
x,1 (49)
where bm,i,x ∈ C. By (35) (37) (48) (32), over Uxj (r1) for
[
m
2
]
+ 1 ≤ l ≤ 2m,
we have ∣∣f4,x (v2m−lx,0 vlx,1)∣∣ <
3
m
2
2
m
2
· 3−l · (1 + (1 + r1)
2)
m
2 ·
1
5
m−l
2
· (1 + (1 + r1)
2)
m
2
=
3
m
2
10
m
2
· (1 + (1 + r1)
2)m ·
(
5
9
) l
2
(50)
By (49) (50) (38), we have
2m∑
i=[m2 ]+1
∣∣bm,i,x · f4,x (v2m−ix,0 vix,1)∣∣ <
(1 + (1 + r1)
2)
m(
1 + |̺|2
)m · 3m2
10
m
2
·
(
|ρ|+
5
1
2 · |1− |ρ|2|
3
+
5 · |ρ|
9
)m
(51)
When r1 −→ 0
+, we have |ρ| −→ 1. So (51) implies
2m∑
i=[m2 ]+1
∣∣bm,i,x · f4,x (v2m−ix,0 vix,1)∣∣ < |ρ|m · ρm4 (52)
where ρ4 ∈ (0, 1), when r1 > 0 is small enough. By (48) (32) (35) (36), over
Uxj (r1) for 0 ≤ l ≤
[
m
2
]
, we have
∣∣f4,x (v2m−lx,0 vlx,1)∣∣ ≤ 1
5
m
4
· 2−l · (1 + (1 + r1)
2)m (53)
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By (53) (38), we have
[m2 ]∑
i=0
∣∣bm,i,x · f4,x (v2m−ix,0 vix,1)∣∣ <
(1 + (1 + r1)
2)
m(
1 + |̺|2
)m · 1
5
m
4
·
(
|ρ|+
|1− |ρ|2|
2
+
|ρ|
4
)m
(54)
When r1 −→ 0
+, we have |ρ| −→ 1. So (54) implies
[m2 ]∑
i=0
∣∣bm,i,x · f4,x (v2m−ix,0 vix,1)∣∣ < |ρ|m · ρm5 (55)
where ρ5 ∈ (0, 1), when r1 > 0 is small enough. Then (45) (52) (55) imply
(i) is true.
Over Uxi(r1), by (38), we have
f4,x(v
m
0 v
m
1 ) =
̺m · f4,x(v
2m
x,0)(
1 + |̺|2
)m + 2m∑
i=1
bi,2 · f4,x(v
2m−i
x,0 v
i
x,1) = ̺
m +
(
v1
v0
− ̺
)
· u
(56)
where bi,2 ∈ C and u is an analytic function on Uxi(r1). So (ii) is true. 
Theorem 2.2 Let {xi : i ∈ I}, Uxi(r), r1, bm,l, v0, v1 be the elements defined
in Lemma 2.1. Let r2 > 0 be a constant. Let z be an analytic function on⋃
i∈I Uxi(r1) in P
1
C that satisfies the following:
(i) |z(xi)| < r2 for all i ∈ I.
(ii) dz(x) 6= 0 for all x ∈
⋃
i∈I Uxi(r1) satisfying |z(x)| < r2.
(iii) For all i ∈ I and α ∈ C satisfying |α| < r2, then there exists a unique
point x ∈ Uxi(r1), such that z(x) = α.
Let {ui, ei : i ∈ I1} be a set of analytic functions on
⋃
i∈I Uxi(r1) satisfying∑
i∈I1
ui · ei = 0 (57)
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Let
ω =
∑
i∈I1
ui · dei (58)
Let U ′ ⊂
⋃
i∈I Uxi(r1) be the subset determined by
|z| < r2 (59)
For x ∈ U ′, assume
ω = βx · dz (60)
at point x, where βx ∈ C. Let ϕ2 be the map from U
′ to the complex plane
defined by z. Let
G =
∑
j∈I1
m∑
l=0
bm,l ·
vl1
vl0
· uj ·
∂
∂z
Traceϕ2
(
vm−l1
vm−l0
· ej
)
(61)
on U ′. Assume βx 6= 0 for all x ∈ U
′. Then there exists ρ6 ∈ (0, 1) and
N5 > 0, such that ∣∣∣∣G(x)− βx · vm1vm0 (x)
∣∣∣∣ < ∣∣∣∣vm1vm0 (x)
∣∣∣∣ · ρm6 (62)
for all x ∈ U ′ and m > N5.
Proof. For x ∈ U ′, there exists a set of analytic functions {ex,0, ex,1, · · · , ex,n3}
on
⋃
i∈I Uxi(r1), that satisfies the following:
1. ex,0(x) = 1.
2. ex,1(x) = 0, and dex,1 − dz vanishes at point x,
3. ex,i vanishes at point x with order 2 for all 2 ≤ i ≤ n3.
4. There exists a set of analytic functions {ux,0, · · · , ux,n3} on
⋃
i∈I Uxi(r1),
such that ∑
i∈I1
ui ⊗ ei =
n3∑
i=0
ux,i ⊗ ex,i (63)
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Let
Gx =
∑
i∈I1
m∑
l=0
bm,l ·
vl1
vl0
(x) · ui(x) ·
vm−l1
vm−l0
· ei (64)
Since
n3∑
i=0
ux,i · ex,i = 0 (65)
and ex,i(x) = 0 for i > 0, so
ux,0(x) = 0 (66)
By (66), we have
Gx =
n3∑
i=1
m∑
l=0
bm,l ·
vl1
vl0
(x) · ux,i(x) ·
vm−l1
vm−l0
· ex,i
= f4,x
(
vm1
vm0
)
·
n3∑
i=1
ux,i(x) · ex,i (67)
Since
n3∑
i=0
ux,i · dex,i = ω (68)
and ex,i vanishes at x with order 2 for i > 1, so we have
ux,1(x) = βx (69)
By Lemma 2.1, we have∣∣∣∣ ∂∂zGx
∣∣∣∣ < ∣∣∣∣v1v0 (x)
∣∣∣∣m · ρm3 (70)
on U ′ ∩ Uxj(r1) when x is not a point in Uxj (r1), where ρ3 ∈ (0, 1). By
Lemma 2.1, and ex,i vanishes at x with order 2 for i > 1, and ex,1 vanishes
at x, and
∂ex,1
∂z
(x) = 1 (71)
we have the value of ∂
∂z
(Traceϕ2Gx) at point x is equal to
vm1
vm
0
(x)·(βx +O(ρ
m
3 ))
for x ∈ U ′. Therefore we have
G(x) =
vm1
vm0
(x) · (βx +O(ρ
m
3 )) (72)
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for x ∈ U ′. So our Theorem is true. 
Now we want to construct ξ1, ξ2 that have the properties stated in the
introduction. Let η be the canonical section of OX(EP ) vanishing along EP
on X . Let S be the set of all complex embedding of F in C. For σ ∈ S, let
x0,σ be the point determined by EP ⊗σ C on Xσ. Let s0,σ be an element in
R0π∗(X,OX(3gEP ))⊗σ C (73)
such that the norm of s0,σ under the canonical Hermitian metric on (73) is
equal to 1 and s0,σ is orthogonal to the subspace of (73) vanishing at x0,σ.
Let s1,σ be an element in the subspace of (73) vanishing at x0,σ such that
the norm of s1,σ is equal to 1 and s1,σ is orthogonal to the subspace of (73)
vanishing at x0,σ with order 2. Let tσ be the analytic function on an open
set of Xσ containing x0,σ defined by
tσ =
s1,σ
s0,σ
(74)
We define a Hermitian metric h1 on π∗(OX(nEP )/OX((n − l)EP )), where
l > 0, such that 〈
t−iσ , t
−j
σ
〉
h1
= δi,j (75)
where δi,j is the number that is equal 0 when i 6= j and is equal to 1 when
i = j.
Lemma 2.3 There exists N0 > 0 determined by XC, such that when
1
[F : Q]
· ωX/Y · EP > dY +N0 (76)
then we have the following:
Let n be a positive integer. Let ζn be a nonzero section of the restriction
of OX(nEP ) to EP , such that
log ‖ζn‖σ1 ≤ log ‖ζn‖σ2 + 2 (77)
for all σ1, σ2 ∈ S, where ‖·‖ denotes the norm under h1. Let C0 be the divisor
determined by ζn = 0 as a section of OX(nEP ) on EP . The push-forward
cycle of C0 on Y is still denoted by C0.
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Then there exists an element ζ ′n in π∗(OX(nEP )/OX) ⊗ OY (−C0) such
that ζ ′n − ζn = 0 as a section of the restriction of OX(nEP ) to EP and
log ‖ζ ′n‖σ = log ‖ζn‖σ +O(1) (78)
for all σ ∈ S, where the constant implicit in O(1) is determined by XC, n.
Proof. By induction, we assume there exists an element ζn,i in
π∗(OX(nEP )/OX((n− i)EP ))⊗OY (−C0) (79)
where i ≥ 1, such that
ζn,i − ζn,i−1 = 0 (80)
as an element in π∗(OX(nEP )/OX((n− i+ 1)EP ))⊗OY (−C0), and
log ‖ζn,i‖σ = log ‖ζn‖σ +O(1) (81)
for all σ ∈ S.
Note we have exact sequence
0 −→ OX((n− i)EP )/OX((n− i− 1)EP )
−→ OX(nEP )/OX((n− i− 1)EP )
−→ OX(nEP )/OX((n− i)EP ) −→ 0 (82)
Since
ĉ1(OX((n− i)EP )|EP ) = −(n− i)ωX/Y · EP (83)
so there exists a set of elements {vi,j} in
(OX((n− i)EP )/OX((n− i− 1)EP ))⊗OY (−C0) (84)
such that {vi,j} is a set of generators of (84) as a Z module, and
log ‖vi,j‖ ≤
1
[F : Q]
((n− i)ωX/Y · EP + deg(C0)) + dY +O(1) (85)
By (77), we have
log ‖ζn‖σ =
1
[F : Q]
(n · ωX/Y · EP + deg(C0)) + dY +O(1) (86)
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By (81) (86) (85) (76), we have
log ‖ζn,i‖σ ≫ log ‖vi,j‖ (87)
Then by (82), there exists ζn,i+1 in
π∗(OX(nEP )/OX((n− i− 1)EP ))⊗OY (−C0) (88)
such that ζn,i+1 − ζn,i = 0 in (79), and
log ‖ζn,i+1‖ = log ‖ζn‖+O(1) (89)
Let ζ ′n = ζn,n. We see our Lemma is true. 
Consider the natural map by restriction:
R0π∗(X,OX(3gEP )) −→ π∗(OX(3gEP )/OX) (90)
Let W be the quotient of map (90). Note for all e1 ∈ π∗(OX(3gEP )/OX)
and ω1 ∈ R
0π∗(X,ωX/Y )
ResEP /Y
(
e1
η3g
· ω1
)
(91)
is an element in R. So we have a natural map
π∗(OX(3gEP )/OX) −→ R
0π∗(X,ωX/Y )
∨ (92)
defined by (91), where R0π∗(X,ωX/Y )
∨ denotes the dual of R0π∗(X,ωX/Y ).
Note map (92) vanishes on R0π∗(X,OX(3gEP )). So we have a natural map
W −→ R0π∗(X,ωX/Y )
∨ (93)
induced from (92). Let C be the degeneracy cycle of (93).
Theorem 2.4 Let n0 > 9g
2 be an integer. Let C be the cycle on Y defined
above. Let ζn0 be a section of the restriction of OX(n0EP ) to EP , that satisfies
log ‖ζn0‖σ1 ≥ log ‖ζn0‖σ2 + 2 (94)
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for all σ1, σ2 ∈ S, where ‖ · ‖ denotes the norm under h1. Let C0 be the
divisor determined by ζn0 = 0 on EP . Then there exists N0 > 0, which is
determined by XC, n0, that satisfies the following:
If the rational curve EP ⊂ X satisfies
1
[F : Q]
· ωX/Y · EP > dY +N0 (95)
then there exists an element ξ in R0π∗(X,OX(n0EP )) ⊗ OY (−C0 + C) that
satisfies the following:
(i) The restriction of ξ to EP is equal to ζn0.
(ii) For all σ ∈ S, we have
log |ξ(x0,σ)|h > log ‖ξ‖+O(1) (96)
where ‖ξ‖ denotes the norm of ξ under the canonical Hermitian metric
on R0π∗(X,OX(n0EP )), and h denotes the canonical Hermitian met-
ric on OX(n0EP ), and the constant implicit in O(1) is determined by
XC, n0.
Proof. By Arithmetic Riemann-Roch Theorem,
ĉ1(R
0π∗(X,OX(3gEP )), h2) ≥ −
3g(3g + 1)
2
ωX/Y · EP +O(1) (97)
where h2 is the canonical Hermitian metric. Moreover we have
log ‖e‖ ≥ O(1) (98)
for all nonzero e ∈ R0π∗(X,OX(3gEP )). So there exists a set of elements
{e′i} in
R0π∗(X,OX(3gEP ))⊗OY (−C0 + C) (99)
such that {e′i} generate (99) over Z, and for all e
′
i, we have
log ‖e′i‖ <
3g(3g + 1)
2[F : Q]
ωX/Y ·EP +
degC0
[F : Q]
+ 3g · dY +O(1) (100)
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Let ζn0,n0 be the element constructed from ζn0 in Lemma 2.3. Note for
all ω1 ∈ R
0π∗(X,ωX/Y ),
ResEP /Y (ω1 · ζn0,n0) (101)
is a section ofOY (−C0) on Y . So there exists unique w1 inW⊗OY (−C0+C),
such that
ResEP /Y (ω1 · ζn0,n0) = ResEP /Y (ω1 · w1) (102)
for all ω1 ∈ R
0π∗(X,ωX/Y ). By (94), we have
log ‖ζn0,n0‖σ =
n0
[F : Q]
ωX/Y · EP +
degC0
[F : Q]
+O(1) (103)
for all σ ∈ S, so
log ‖w1‖σ =
n0
[F : Q]
ωX/Y · EP +
degC0
[F : Q]
+O(1) (104)
where ‖w1‖ denotes the norm under natural Hermitian metric on W . By
(100) (104), we have
log ‖w1‖σ > log ‖e
′
i‖ (105)
for all e′i. Since {e
′
i} generate (99), so there exists w2 ∈ π∗(OX(3gEP )/OX)⊗
OY (−C0 + C), such that
log ‖w2‖ < log ‖ζn0,n0‖+O(1) (106)
and
ResEP /Y (ω1 · (ζn0,n0 − w2)) = 0 (107)
for all ω1 ∈ R
0π∗(X,ωX/Y ). By (107), there exists ξ ∈ R
0π∗(X,OX(nEP ))⊗
OY (−C0 + C), such that
ξ = ζn0,n0 − w2 (108)
in π∗(OX(nEP )/OX)⊗ F . So our Theorem is true. 
Let m2, m3 be positive integers. Let ΩX/Y be the sheaf of relative differ-
entials of X over Y . Let ω be a section of ΩX/Y on X , such that there exists
sections ui of OX(m2EP ) on X and sections ei of OX(m3EP ) on X , where
i ∈ I1, satisfying: ∑
i∈I1
ui · ei = 0 (109)
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and ∑
i∈I1
ui
ηm2
· d
ei
ηm3
= ω (110)
over X .
Let n0 > 9g
2 be an integer. Let N0 > 0 be the constant determined by
n0, XC constructed in Theorem 2.4. We assume (95) is true in the rest of
this section. Let ξ0 be a section of OX(n0EP )⊗OY (−C0 + C) that satisfies
the properties in Theorem 2.4, and let C0 be the divisor determined by
ξ0 = 0 as a section of OX(n0EP ) on EP . For simplicity, we assume C0 = 0
and C = 0 in the rest of this section. The general case can be proved with
small modifications.
Lemma 2.5 For n > 9g2, there exists a set of generators {ej,1} of
R0π∗(X,OX(nEP )) (111)
over Z, such that
log ‖ej,1‖ <
n+ 1
[F : Q]
· ωX/Y · EP +O(1) (112)
Proof. By the assumption C = 0 and the arguments in Theorem 2.4, the
natural map by restriction
R0π∗(X,OX(nEP )) −→ π∗(OX(nEP )/OX(3gEP )) (113)
is surjective. Note there exists a set of elements {ej,2} in
π∗(OX(nEP )/OX(3gEP )) (114)
that generates (114) over Z, and satisfies
log ‖ej,2‖ <
n
[F : Q]
· ωX/Y · EP + dY +O(1) (115)
Then by the existence of {e′i} that generates R
0π∗(X,OX(3gEP )) satisfying
(100), where C0 is taken to be zero, there exists a set of elements {ej,3} in
(111), that generates (111) over Z, and satisfies
log ‖ej,3‖ <
n
[F : Q]
· ωX/Y · EP + dY +O(1) (116)
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By the assumption that
dY <
1
[F : Q]
· ωX/Y ·EP −N0 (117)
we see our Lemma is true. 
Lemma 2.6 Let N1 be the positive number satisfying
logN1 =
1
[F : Q]
· ωX/Y ·EP (118)
Let {̺i : i ∈ I} be the set of all the complex numbers satisfying
̺2n0i = 1 (119)
Then there exists sections ξ1, ξ2 of OX(n1EP ),OX(n2EP ) over X respec-
tively, and a set of open sets {Ui,σ : i ∈ I, σ ∈ S} on XC, that satisfies the
following:
(i) n1 = 2n0 and ξ1 − ξ
2
0 vanishes along EP as a section of OX(n1EP ) on
X.
(ii) n2 = 3n0 and ξ2 − ξ
3
0 vanishes along EP as a section of OX(n2EP ) on
X.
(iii) Let r1 > 0 be the number constructed for {̺i : i ∈ I} in Lemma 2.1.
Then there exists a positive number κ and a simple connected open set
Ui,σ ⊂ Xσ for all i ∈ I and σ ∈ S, such that
|τ(x)− ̺i| < r1 (120)
for all x ∈ Ui,σ, where
τ =
2 · ξ2
κ
3
2 ·Nn21 · η
n2
(121)
on XC, and
|z(x)| ≥ κ (122)
for all x ∈ XC r
⋃
σ∈S
⋃
i∈I Ui,σ, where
z =
ξ1
Nn11 · η
n1
(123)
on XC.
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(iv) For σ ∈ S, let {xi,σ : i ∈ I} be the set of all the points on Xσ where
ξ1 = 0. Then for all σ ∈ S and i ∈ I, we have xi,σ ∈ Ui,σ and
log |τ(xi,σ)− ̺i| < − logN1 +O(1) (124)
(v) dz(x) 6= 0 for all x ∈
⋃
σ∈S
⋃
i∈I Ui,σ.
Proof. Let n1 = 2n0 and n2 = 3n0. Let {s1, · · · , sn1−g−1} be a set of elements
in
R0π∗(X,OX((n1 − 2)EP ))⊗ F (125)
that generates (125) over F . Let {s′1, · · · , s
′
n2−g−1} be a set of elements in
R0π∗ (X,OX ((n2 − 2)EP ))⊗ F (126)
that generates (126) over F . Let Pn1−gC be the n1 − g dimensional projec-
tive space associated to R0π∗(X,OX(n1EP ))⊗σ C. Let P
n2−g
C be the n2 − g
dimensional projective space associated to R0π∗(X,OX(n2EP ))⊗σ C.
Let X3 ⊂ P
n1−g
C × P
n2−g
C be the algebraic closure of the set of points(
ξ20 +
n1−g−1∑
i=1
zi · si, ξ
3
0 +
n2−g−1∑
i=1
z′i · s
′
i
)
(127)
where zi, z
′
i ∈ C and ξ
2
0 +
∑n1−g−1
i=1 zi · si does not vanish at any point on Xσ
with order greater than 1, that satisfies the following relation:
Let {x′i,σ : i ∈ I} be the set of all the points in Xσ satisfying
ξ20(x
′
i,σ) +
n1−g−1∑
j=1
zj · sj(x
′
i,σ) = 0 (128)
Then ξ30 +
∑n2−g−1
j=1 z
′
j · s
′
j −
κ
3
2 ·̺i·N
n2
1
2
· ηn2 vanishes at point x′i,σ with order 2
for all σ ∈ S and i ∈ I.
For ξ20+
∑n1−g−1
i=1 zi · si, let x
′
i,σ be a point in Xσ where ξ
2
0+
∑n1−g−1
i=1 zi · si
is equal to zero. Then to find an element ξ30 +
∑n2−g−1
i=1 z
′
i · s
′
i such that
ξ30 +
n2−g−1∑
i=1
z′i · s
′
i −
κ
3
2 · ̺i ·N
n2
1
2
· ηn2 (129)
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vanishes at point x′i,σ with order 2, we need two algebraic relations. So X3
is of codimension 2n1 + 2 in P
n1−g
C × P
n2−g
C . So X3 is an algebraic variety of
dimension n0 − 2g − 2 > 0. Hence there exists a point (ξ5,σ, ξ6,σ) on X3 that
satisfies the following:
1. ξ5,σ is equal to ξ
2
0 at point EP ⊗σ C as a section of OX(n1EP ) on Xσ.
And
d
ξ5,σ
ηn1
(x) 6= 0 (130)
for all the x ∈ Xσ satisfying
log
∣∣∣∣ξ5,σηn1 (x)
∣∣∣∣ < n1 · logN1 +O(1) (131)
2. ξ6,σ is equal to ξ
3
0 at point EP ⊗σ C as a section of OX(n2EP ) on Xσ.
Let {x′′i,σ : i ∈ I} be the set of all the points on Xσ, where ξ5,σ = 0. Since
ξ6,σ −
1
2
· κ
3
2 · ̺i ·N
n2
1 · η
n2 vanishes at x′′i,σ with order 2, so
ξ6,σ
Nn21 · η
n2
=
κ
3
2 · ̺i
2
+O(κ2) (132)
over the simple connected open set containing point x′′i,σ determined by∣∣∣∣ ξ5,σNn11 · ηn1
∣∣∣∣ < 2κ (133)
when κ is small enough. For all σ ∈ S, choose ξ5,σ, ξ6,σ suitably, such that
ξ5,σ, ξ6,σ are mapped to ξ5,σ, ξ6,σ respectively under the complex conjugation,
where σ denotes the complex conjugate of σ. Then there exists elements
ξ5 ∈ R
0π∗(X,OX(n1EP ))⊗ R (134)
ξ6 ∈ R
0π∗(X,OX(n2EP ))⊗ R (135)
such that ξ5 = ξ5,σ and ξ6 = ξ6,σ for all σ ∈ S.
By Lemma 2.5, there exists
ξ1 ∈ R
0π∗(X,OX(n1EP )) (136)
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ξ2 ∈ R
0π∗(X,OX(n2EP )) (137)
such that ξ1 = ξ
2
0 and ξ2 = ξ
3
0 along EP as sections of OX(n1EP ) and
OX(n2EP ) on X respectively, and
log ‖ξ1 − ξ5‖ < (n1 − 1) logN1 +O(1) (138)
log ‖ξ2 − ξ6‖ < (n2 − 1) logN1 +O(1) (139)
For σ ∈ S, let {xi,σ : i ∈ I} be the set of points on Xσ, where ξ1 = 0.
By (138) (139), we have
log
‖ξ1 − ξ5‖
‖ξ1‖
< − logN1 +O(1) (140)
log
‖ξ2 − ξ6‖
‖ξ2‖
< − logN1 +O(1) (141)
Since − logN1 ≪ 0, so by (132) (133), we have
2 · ξ2
κ
3
2 ·Nn21 · η
n2
= ̺i +O (1) · κ
1
2 (142)
over the simple connected open set containing point xi,σ determined by∣∣∣∣ ξ1Nn11 · ηn1
∣∣∣∣ < κ (143)
for all i ∈ I and σ ∈ S, when κ is small enough. Let Ui,σ be the simple
connected open set on Xσ containing xi,σ determined by (143).
(i) (ii) are true by the definitions of ξ1, ξ2. (iii) is implied by (142) (143)
when κ is small enough. (iv) is implied by (141). (v) is implied by (130)
(131) when κ is small enough. So our Lemma is true. 
Let n1, n2, ξ1, ξ2, N1, r1, κ be the elements defined in Lemma 2.6. Let
P1Y be the projective line over Y . Let ϕ3 : XC −→ P
1
Y ⊗ C be the morphism
defined by [ηn2 : ξ2]. Let v0 be the section of the canonical line bundle
OP1Y (1) ⊗ C that is equal to η
n2. Let v1 be the section of the canonical line
bundle OP1Y (1)⊗C that is equal to
2·ξ2
κ
3
2 ·N
n2
1
. For convenience we still use v0, v1
to denote their pull backs on XC under ϕ3 respectively.
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Let τ, z be the elements defined in Lemma 2.6 (iii). Let D1 be the
divisor determined by ξ1 = 0 on X . Assume D1 is a horizontal divisor on X .
Since D1 does not intersect with EP on X , so there exists a morphism
ϕ4 : X −→ P
1
Y (144)
defined by [ξ1 : η
n1]. Let bm,l be the numbers defined in (10). Let G be the
rational function on XC defined by
G =
∑
i∈I1
m∑
l=0
bm,l ·
vl1
vl0
·
ui
ηm2
· ϕ∗4
(
∂
∂z
Traceϕ4
(
vm−l1
vm−l0
·
ei
ηm3
))
(145)
Theorem 2.7 Let I, Ui,σ be the elements in Lemma 2.6. For x ∈ XC r
EP ⊗ C satisfying d
ξ1
ηn1
(x) 6= 0, assume
ω − βx · d
ξ1
ηn1
(146)
vanishes at point x, where βx ∈ C. Then there exists ρ ∈ (0, 1) and N4 > 0,
such that for all m > N4 and x ∈
⋃
σ∈S
⋃
i∈I Ui,σ, we have∣∣∣∣G(x)− vm1vm0 (x) · βx
∣∣∣∣ < ∣∣∣∣v1v0 (x)
∣∣∣∣m · ρm (147)
Proof. This is implied by Theorem 2.2 and Lemma 2.6 (iii). 
Theorem 2.8 Let p be the closed point in X ⊗ F determined by EP ⊗ F .
Assume there exists a set of elements {ep,0, ep,1, · · ·} in R
0π∗(X,OX(n1EP ))⊗
F that satisfies the following:
1. There exists elements {up,0, up,1, · · ·} in R
0π∗(X,OX(m2EP ))⊗F , such
that ∑
i∈I1
ui ⊗ ei =
∑
i
up,i ⊗ ep,i (148)
over F .
2. ep,0 − ξ1 vanishes at point p as a section of OX(n1EP )⊗ F on X ⊗ F ,
and
up,0
ηm2
= 1.
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3. ep,i vanishes at point p as a section of OX(n1EP )⊗F on X⊗F for all
i > 0.
4. m2 < n0.
Let m be a positive even integer. Then there exists a section G1 of
OX(3n0mEP ) on X, such that
G1
η3n0m
=
(2m)! ·Nn2m−n11 · κ
3m
2
m! ·m! · 2m
·G (149)
on XC, and
G1
η3n0m
= N2 ·
ξ
3m
2
1
η3n0m
+
t1
η3n0m
(150)
where t1 is a section of OX(3n0mEP ) that vanishes along EP on X, and N2
is a positive integer satisfying
N2 >
(2m)!
m! ·m!
(151)
Assume βx 6= 0 for all the points x on an open set containing the closure
of
⋃
σ∈S
⋃
i∈I Ui,σ in XC. Then there exists N3 > 0, such that∣∣∣∣ ξ1ηn1 (x)
∣∣∣∣ ≥ κ ·Nn11 (152)
for all x ∈ XC where G1(x) = 0, when m > N3.
Proof. Note we have
f5
(
(2m)!
m! ·m!
vm0 v
m
1
)
=
m∑
l=0
m!
l! · (m− l)!
·
m!
l! · (m− l)!
· vm−l0 v
l
1 ⊗ v
l
0v
m−l
1 (153)
So we have
(2m)! ·Nn2m−n11 · κ
3m
2
2m ·m! ·m!
·G =
∑
i∈I1
m∑
l=0
m!
l! · (m− l)!
·
m!
l! · (m− l)!
·
ξl2
ηln2
·
ui
ηm2
· ϕ∗4
(
∂
∂ ξ1
ηn1
Traceϕ4
(
ξm−l2
η(m−l)n2
·
ei
ηn1
))
(154)
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So (149) is a section of OX(n5EP ) on X , where n5 is a positive integer.
Let’s consider the case that l is an even number. Since ξ2
ηn2
has a pole of
order n2 =
3n1
2
along EP , so
ξl
2
ηn2l
·
ep,i
ηn1
has a pole of order < 3n1 ·
l
2
+n1 along
EP for all i > 0. Therefore
Traceϕ4
(
ξl2
ηn2l
·
ep,i
ηn1
)
=
3l
2∑
j=0
cj,l,i ·
ξj1
ηn1j
(155)
for i > 0, where cj,l,i ∈ F . Since ξ2 = ξ
3
0 and ξ1 = ξ
2
0 along EP , so we have
Traceϕ4
(
ξl2
ηn2l
·
ep,0
ηn1
)
=
n1 · ξ
3l
2
+1
1
ηn1(
3l
2
+1)
+
3l
2∑
j=0
cj,l,0 ·
ξj1
ηn1j
(156)
where cj,l,0 ∈ F .
Now consider the case that l is an odd number. Since ξ2
ηn2
has a pole of
order n2 =
3n1
2
along EP , so
ξl
2
ηn2l
·
ep,i
ηn1
has a pole of order ≤ n1 ·
3l+2
2
along
EP for all i. Therefore
Traceϕ4
(
ξl2
ηn2l
·
ep,i
ηn1
)
=
3l+1
2∑
j=0
c′j,l,i ·
ξj1
ηn1j
(157)
where c′j,l,i ∈ F .
Therefore by m2 <
n1
2
and (155) (156) and
up,0
ηm2
= 1, when l is an even
number, we have∑
i
ξl2
ηln2
·
up,i
ηm2
· ϕ∗4
(
∂
∂z
Traceϕ4
(
ξm−l2
η(m−l)n2
·
ep,i
ηn1
))
=
n1 · (
3
2
(m− l) + 1) · ξ
3m
2
1
ηn2m
+Gp,1 (158)
where Gp,1 vanishes along EP ⊗F as a section of OX(n2mEP )⊗F on X⊗F .
By m2 <
n1
2
and (157), when l is an odd number, we have
∑
i
ξl2
ηln2
·
up,i
ηm2
· ϕ∗4
(
∂
∂z
Traceϕ4
(
ξm−l2
η(m−l)n2
·
ep,i
ηn1
))
= 0 (159)
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at point EP ⊗ F as a section of OX(n2mEP )⊗ F on X ⊗ F .
By (154) (158) (159), we have
(2m)! ·Nn2m−n11 · κ
3m
2
2m ·m! ·m!
·G = N2 ·
ξ
3m
2
1
ηn2m
+
G2
ηn2m
(160)
where G2 is a section of OX(n2mEP ) vanishing along EP over X , and
N2 = n1 ·
m
2∑
l1=0
(
3
2
(m− 2l1) + 1
)
·
m!
(2l1)! · (m− 2l1)!
·
m!
(2l1)! · (m− 2l1)!
(161)
Note
(2m)!
m! ·m!
=
m∑
l=0
m!
l! · (m− l)!
·
m!
l! · (m− l)!
(162)
so we have
N2 >
(2m)!
m! ·m!
(163)
By Theorem 2.7, when m≫ 0, we have G 6= 0 on
⋃
σ∈S
⋃
i∈I Ui,σ. Then by
(122), we see (152) is true. So our Theorem is true. 
Corollary 2.9 Under all the conditions assumed in Theorem 2.8, we have
1
n1 · [F : Q]
∑
σ∈S
∑
j∈I
log |G(xj,σ)| ≥ n1 · logN1 +m · log 2 (164)
Proof. Let D1 be the divisor determined by ξ1 = 0 as a section of OX(n1EP )
on X . Let D3 be the horizontal component of the divisor determined by
G1 = 0 as a section of OX(n2mEP ) on X . Let C2 be the intersection cycle
of D1 and D3 on scheme X . Let C3 be the the intersection cycle of EP and
D3 on scheme X . Let {xi : i ∈ I
′′} be the set of all the points on XC where
G1 = 0. By Theorem 2.8, we have
degC3 ≥ [F : Q] · log
(2m)!
m! ·m!
(165)
Note {xi : i ∈ I
′′} has n2m · [F : Q] points. By (152), we have
log
∣∣∣∣ ξ1ηn1 (xi)
∣∣∣∣ > n1 · logN1 + log κ (166)
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for all i ∈ I ′′. Therefore we have
1
[F : Q]
degC2 =
1
[F : Q]
∑
i∈I′′
log
∣∣∣∣ ξ1ηn1 (xi)
∣∣∣∣+ n1[F : Q] · degC3
≥ n2m · (n1 logN1 + log κ) + n1 · log
(2m)!
m! ·m!
(167)
Since EP does not intersect with D1 on scheme X , so we have∑
σ∈S
∑
j∈I
log
∣∣∣∣∣(2m)! ·Nn2m−n11 · κ
3m
2
2m ·m! ·m!
·G(xj,σ)
∣∣∣∣∣ = degC2 (168)
By (168) (167), we see (164) is true. 
Proof of Theorem 1.1. Note we have
d
(
ξ26
η2n6
·
ξ7
ηn7
)
− 2
ξ6
ηn6
· d
(
ξ6
ηn6
·
ξ7
ηn7
)
+
ξ26
η2n6
· d
(
ξ7
ηn7
)
= 0 (169)
where ξ6, ξ7 are sections of OX(n6EP ) and OX(n7EP ) respectively. So we
can replace
∑
i∈I1
ui ⊗ ei by∑
i∈I1
ui ⊗ ei +
(
1⊗ ξ26ξ7 − 2ξ6 ⊗ ξ6ξ7 + ξ
2
6 ⊗ ξ7
)
(170)
By setting n7 > 2n6 and n0 > m2 and by choosing ξ6, ξ7, such that ξ
2
6ξ7
is a section of OX(n1EP ) on X , and ξ
2
6ξ7 − ξ1 = 0 along EP as a section
of OX(n1EP ) on X . Then (170) satisfies the four conditions required by∑
i∈I1
ui⊗ ei in Theorem 2.8. So we assume
∑
i∈I1
ui⊗ ei satisfies the four
conditions in Theorem 2.8, and the canonical norm of
∑
i∈I1
ui⊗ei is equal
to O(Nn11 ). By choosing ξ1 suitably, we assume βx 6= 0 for all the points x
on an open set containing the closure of
⋃
σ∈S
⋃
i∈I Ui,σ in XC.
Let m be an even integer satisfying m > N3, N4, where N3, N4 are defined
in Theorem 2.8 2.7. By checking the constructions of N3, N4, we can
assume N3, N4 < N
1
2
1 . Let m be an even integer in (N
1
2 , 2N
1
2
1 ). By (146)
(147) (124), we have
log ‖ω‖ ≥
1
n1 · [F : Q]
∑
σ∈S
∑
j∈I
log |G(xj,σ)|+O(1) (171)
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where ‖ω‖ denotes the canonical norm of ω. By (164), we have
log ‖ω‖ ≥ n1 · logN1 +N
1
2
1 · log 2 +O(1) (172)
for a non zero section ω of ΩX/Y on X that is equal to
∑
i
ui
ηm2
· d ei
ηm3
. Let
n1 −→ +∞, we see ‖ω‖ −→ +∞. This is not possible. So there exists a
constant N0 > 0, determined by XC, such that (95) is not true. Therefore
Theorem 1.1 is true. 
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